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Abstract
Every hopfian n-manifoldN with hyperhopfian fundamental group is known to be a codimension-2
orientable fibrator. In this paper, we generalize to the non-orientable setting by considering the cover-
ing space N˜ of N corresponding to H , where H is the intersection of all subgroups Hi of index 2 in
pi1(N). First, we will show that if pi1(N) is hyperhopfian and N˜ is hopfian, then N is a codimension-
2 fibrator. Then we get several results about codimension-2 fibrators as corollaries. Ó 1999 Elsevier
Science B.V. All rights reserved.
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1. Introduction
If a proper map p :M → B is an approximate fibration, then the point inverses are
shape equivalent each other. Naturally, the question arises about conditions under which
the converse of this fact holds. To deal with that, in [6] R.J. Daverman introduced the
following definition: A closed n-manifold Nn is a codimension-2 fibrator (respectively,
a codimension-2 orientable fibrator) if, whenever p :M → B is a proper map from an
arbitrary (respectively, orientable) (n+ 2)-manifold M to a 2-manifold B such that each
p−1(b) is shape equivalent to N , then p :M→B is an approximate fibration.
Our concern is the following:
Main Question. Which manifolds N are codimension-2 fibrators?
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In [6], Daverman showed that all simply connected manifolds, closed surfaces with
nonzero Euler characteristic, and real projective n-spaces (n > 1) are codimension-2
fibrators. And he showed that many orientable manifolds are codimension-2 orientable
fibrators (see [7–9]).
Which codimension-2 orientable fibrators are codimension-2 fibrators is an interesting
subquestion, since a codimension-2 orientable fibrator need not be a codimension-2 fibrator
(see [9]). There have been some efforts to treat that question (see [1,12]).
In [7], Daverman showed that every hopfian n-manifoldN with hyperhopfian pi1(N) is a
codimension-2 orientable fibrator. Whether it is a codimension-2 fibrator is still open. But,
N. Chinen [1] showed that the answer is yes if N has no 2-to-1 covering. So it is natural to
ask the following:
Question. If a manifold N with hyperhopfian pi1(N) has a 2-to-1 covering, is N a
codimension-2 fibrator?
In [2] Chinen had some good results about that question. But most of hypotheses Chinen
used are too strong to apply some specific manifolds. In this paper, using [2, Theorem 5.3]
and the concept of strong hopfianness [12], we generalize to the non-orientable setting by
considering the covering space N˜ of N corresponding to H , where H is the intersection
of all subgroups Hi of index 2 in pi1(N), i.e., H =⋂i∈I Hi with [pi1(N) : Hi] = 2 for
i ∈ I . Then we see that the index set I is finite and N˜ is an n-dimensional orientable
manifold. First, we will show that if pi1(N) is hyperhopfian and N˜ is hopfian, then N
is a codimension-2 fibrator. Then we get several results about codimension-2 fibrators as
corollaries.
2. Preliminaries
Throughout this paper, the symbols ∼, ≈, and ∼= denote homotopy equivalence,
homeomorphism, and isomorphism in that order. The symbol χ is used to denote Euler
characteristic. All manifolds are understood to be finite dimensional, connected, metric,
and boundaryless. Whenever the presence of boundary is tolerated, the object will be called
a manifold with boundary.
Approximate fibrations were introduced by D. Coram and P. Duvall [3] as a generaliza-
tion of Hurewicz fibrations and cell-like maps. A proper map p :M→ B between locally
compact ANRs is called an approximate fibration if it has the following approximate ho-
motopy lifting property: Given an open cover ε of B , an arbitrary space X, and two maps
g :X→M and F :X × I → B such that p ◦ g = F0, there exists a map G :X × I →M
such that G0 = g and p ◦G is ε-close to F . The latter means: for each z ∈ X × I there
exists an Uz ∈ ε such that{
F(z),p ◦G(z)}⊂Uz.
LetNn be a closed manifold. A proper map p :M→ B isNn-like if each fiber p−1(b) is
shape equivalent toN . For simplicity, we shall assume that each fiber p−1(b) in anNn-like
map to be an ANR having the homotopy type of Nn.
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Let N and N ′ be closed n-manifolds and f :N → N ′ be a map. If both N and N ′
are orientable, then the degree of f is the nonnegative integer d such that the induced
endomorphism of
f∗ :Hn(N;Z)∼=Z→Hn(N ′;Z)∼=Z
amounts to multiplication by d , up to sign. In general, the degree mod 2 of f is the
nonnegative integer d such that the induced endomorphism of
f∗ :Hn(N;Z2)∼=Z2→Hn(N ′;Z2)∼=Z2
amounts to multiplication by d .
Suppose that N is a closed n-manifold and a proper map p :M→ B is N -like. LetG be
the set of all fibers, i.e., G= {p−1(b): b ∈ B}. Put C = {p(g) ∈ B: g ∈G and there exist
a neighborhood Ug of g in M and a retraction Rg :Ug→ g such that Rg|g′ :g′ → g is a
degree one map for all g′ ∈G with g′ ∈G in Ug}, and C′ = {p(g) ∈ B: g ∈G and there
exist a neighborhood Ug of g in M and a retraction Rg :Ug→ g such that Rg|g′ :g′ → g
is a degree one mod 2 map for all g′ ∈G with g′ ∈G in Ug}. Call C the continuity set of
p and C′ the mod 2 continuity set of p. D. Coram and P. Duvall [5] showed that C and C′
are dense, open subsets of B .
A group Γ is said to be hopfian if every epimorphism f :Γ → Γ is necessarily
an isomorphism. A finitely presented group Γ is said to be hyperhopfian if every
homomorphism f :Γ → Γ with f (Γ ) normal and Γ/f (Γ ) cyclic is an isomorphism
(onto). A group Γ is said to be residually finite if for any non-trivial element x of Γ
there is a homomorphism f from Γ onto a finite group K such that f (x) 6= 1K . It is
well known that every finitely generated residually finite group is hopfian. Call a closed
manifold N hopfian if it is orientable and every degree one map N→N which induces a
pi1-isomorphism is a homotopy equivalence.
Recent results of Chinen [2, Theorem 5.3] give us useful information about manifolds
with hyperhopfian fundamental group being codimension-2 fibrators.
Proposition 2.1 [2, Theorem 5.3]. Let N be a closed n-manifold with hyperhopfian
fundamental group. If every N -like proper map p :Mn+2→B2 from an (n+ 2)-manifold
M onto a 2-manifold B is an approximate fibration over C′, where C′ denotes the mod 2
continuity set of p, then N is a codimension-2 fibrator.
The following is basic for investigating codimension-2 fibrators.
Proposition 2.2 [5, Proposition 2.8]. IfG is a usc decomposition of an orientable (n+2)-
manifold M into closed, orientable n-manifolds, then the decomposition space B =M/G
is a 2-manifold andD = B \C is locally finite in B , whereC represents the continuity set of
the decomposition map p :M→ B . If either M or some elements of G are nonorientable,
B is a 2-manifold with boundary (possibly empty) and D′ = (intB) \C′ is locally finite in
B , where C′ represents the mod 2 continuity set of p.
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The following gives us useful information connecting hopfian manifolds and hopfian
fundamental groups.
Proposition 2.3 ([7, Theorem 2.2] or [10]). A closed orientable n-manifoldN is a hopfian
manifold if any one of the following conditions holds:
(1) n6 4 and pi1(N) is hopfian;
(2) pi1(N) contains a nilpotent subgroup of finite index;
(3) pi1(N) is hopfian and pii(N) is trivial for 1< i < n− 1.
3. Strongly hopfian manifolds as codimension-2 fibrators
Definition [12]. Let N be a closed n-manifold. N is strongly hopfian if N˜ is hopfian,
where (N˜, q˜) is the covering space of N corresponding to H = ⋂i∈I Hi with I =
{i: [pi1(N) :Hi] = 2} 6= ∅, and N˜ =N when I = ∅.
From now on, we reserve the symbols N˜ and H for the above meanings.
Examples of strongly hopfian manifolds.
(1) Every closed manifold with Abelian fundamental group;
(2) Every closed manifold with finite fundamental group;
(3) Every closed aspherical manifold with residually finite fundamental group;
(4) Every closed surface with nonzero Euler characteristic.
Lemma 3.1. Let N be a closed n-manifold. Then
H = ker[pi1(N) f−→H1(N) g−→H1(N;Z2)].
Proof. Let Hi be a subgroup of pi1(N) with index 2. Since pi1(N)/Hi ∼= Z2, which is
cyclic (and so is Abelian), the commutator subgroup [pi1(N),pi1(N)] of pi1(N) must be
contained in Hi for all i . It follows from the fact kerf = [pi1(N),pi1(N)] that f (Hi)≡Hi
is index 2 in H1(N).
Here, note
kerg = im[H1(N) ×2−→H1(N)]
which is the intersection of all subgroups of H1(N) with index 2. Hence
⋂
Hi ⊂ kerg.
Actually we also see that kerg ⊂⋂Hi . 2
Corollary 3.1. Let N be a closed manifold. Suppose f :N→N induces the isomorphism
f∗ :H1(N;Z2)→H1(N;Z2).
Then f−1# (H) = H , where f# :pi1(N)→ pi1(N). In particular, if f :N → N has degree
one mod 2, then f−1# (H)=H .
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Proof. Consider
pi1(N)
f#
pi1(N)
H1(N) H1(N)
H1(N;Z2) f∗∼= H1(N;Z2)
. 2
Lemma 3.2. Let N be a closed manifold. Suppose that f :pi1(N) → pi1(N) is a
homomorphism whose induced action on H1(N;Z2) is an automorphism (i.e., f (H)⊂H
and the natural map f ′ :pi1(N)/H → pi1(N)/H is an isomorphism). Then
(1) f is an epimorphism if and only if (f |H) :H→H is an epimorphism.
(2) f is an isomorphism if and only if (f |H) :H→H is an isomorphism.
Proof. First, note that f ′ is an isomorphism if and only if g◦f is an epimorphism andH =
f−1(H)= ker(g ◦ f ), where g :pi1(N)→ pi1(N)/H . If pi1(N) =H ∪ g1H ∪ · · · ∪ gkH ,
then pi1(N)/H = {H,g1H, . . . , gkH }.
(1) Suppose f is an epimorphism. Since f−1(H) = H , we have H = ff−1(H) =
f (H), i.e., (f |H) :H→H is an epimorphism. Conversely, suppose (f |H) :H→H is an
epimorphism, i.e., H = f (H). Let y ∈ pi1(N) but y /∈H . Then y ∈ giH for some i . Since
f ′ is an isomorphism, there exists uniquely a gjH such that f (gj )H = f ′(gjH)= giH .
So y = f (gj )h for some h ∈ H . But since H = f (H), there exists h′ ∈ H such that
f (h′)= h. Put x = gjh′. Then f (x)= f (gjh′)= f (gj )f (h′)= f (gj )h= y .
(2) Suppose f is an isomorphism. Then, by (1), f (H)=H = f−1(H), so (f |H) is an
isomorphism. Conversely, suppose (f |H) :H→H is an isomorphism. Then, by (1), f is
an epimorphism. If x ∈ kerf , then f (x)= e ∈H . But since f−1(H)=H, x ∈H , and so
x = e. 2
Theorem 3.3. Let N be a strongly hopfian closed manifold with hyperhopfian pi1(N).
Then N is a codimension-2 fibrator.
Proof. If I = ∅, then N = N˜ is hopfian. Hence, N is a hopfian n-manifold with
hyperhopfian pi1(N). By [7, Theorem 5.4], N is a codimension-2 orientable fibrator. Since
I = ∅ implies that N has no 2-to-1 covering, by [1, Corollary 3.3], N is a codimension-2
fibrator.
Now we assume that I 6= ∅, i.e, N has a 2-to-1 covering. Let p :Mn+2 → B2 be
an N -like proper map. By Proposition 2.1, it suffices to show that p is an approximate
fibration over C′. Assume C′(p) = B2. We will show that p is an approximate fibration.
Set G= {p−1(b): b ∈ B}. Fix g0 ∈G. Take a neighborhoodU of p(g0) such that p−1(U)
retracts to g0, and take a smaller connected neighborhood V of p(g0) such that p−1(V )
deformation-retracts to g0 in p−1(V ). Call this retraction R :p−1(V )→ g0. Then, we have
that R# :pi1(p−1(V ))→ pi1(g0) is an epimorphism. To show that p is an approximate
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fibration, it is enough to show that p|p−1(V ) :p−1(V )→ V is an approximate fibration.
Take the covering map q :V ∗ → p−1(V ) corresponding to R−1# (H). Since [pi1(p−1(V )) :
R−1# (H)] = [pi1(g0) :H ]<∞, q is finite. Set
G∗ = {g∗C ≡ (q−1(g))C : g ∈G with g ⊂ p−1(V )},
where (q−1(g))C is a component of q−1(g) and let
p∗ :V ∗ → V ∗/G∗ ≡ B∗
be the decomposition map.
Claim. g∗C ∼ N˜ for g ∈G with g ⊂ p−1(V ).
Since R|g :g→ g0 has degree one mod 2, by Corollary 3.1, we have (R|g)−1# (H)=H
and (R# ◦ i#)(H)= (R|g)#(H)⊂H . Here note i#(H)⊂R−1# (H), for (R# ◦ i#)(H)⊂H .
Clearly
(q|g∗C)#
(
pi1(g
∗
C)
)∼=K ⊂H since (R|g)−1# (H)=H and R#(R−1# (H))=H.
Take the covering space f :NH → g corresponding to H and let i :g→ p−1(V ) be the
inclusion. Consider
V ∗
q
NH
f
g i p−1(V )
.
Since i#(f#(pi1(NH )))= i#(H)⊂R−1# (H), we have a unique lifting λ :NH → V ∗ of i ◦ f
so that i ◦ f = q ◦ λ. It follows from the fact of λ(NH ) ⊂ q−1 ◦ i(g) that λ(NH ) ⊂ g∗C .
Hence we have H ⊂K . Consequently, we have H =K . This proves claim. 2
Now, letE(p) denote the pi1-epi subset of V determined by p, namelyE(p)= {x ∈ B: x
has a neighborhoodW in V with retraction Rx :p−1(W)→ p−1(x) such that
(Rx |)# :pi1
(
p−1(b)
)→ pi1(p−1(x))
is an epimorphism for all b ∈W }, and then consider
V ∗ p
∗
q
B∗
q∗
p−1(V ) p V
.
Since the continuity set C(p∗) of p∗ is dense and open in B∗, B∗ \C(p∗) is locally finite,
and C(p∗)⊂ E(p∗), by (1) in Lemma 3.2, we have E(p) is dense in V and V \E(p) is
locally finite. Hence we only need check the following two cases:
(1) V =E(p), and
(2) V \ {x} =E(p) for some x ∈ V .
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Case 1. V =E(p). Let y ∈ B∗. Then there is an x ∈ V =E(p) such that y ∈ (q∗)−1(x).
So we have a neighborhoodW of x with retraction Rx :p−1(W)→ p−1(x) such that for
all b ∈W ,
(Rx |)# :pi1
(
p−1(b)
)→ pi1(p−1(x))
is an epimorphism. Since pi1(p−1(b)) ∼= pi1(p−1(x)) ∼= pi1(N) is hopfian, (Rx |)# is an
isomorphism. By (2) in Lemma 3.2,
(R∗x |)# :pi1
((
q−1(p−1(b))
)
C
)→ pi1((q−1(p−1(x)))C) with(
q−1
(
p−1(x)
))
C
= (p∗)−1(y)
is an isomorphism, so we have y ∈E(p∗). Since (q−1(p−1(b)))C ∼ (q−1(p−1(x)))C ∼ N˜
is hopfian and (R∗x |)# is an isomorphism, by [7, Lemma 5.2] and [7, Theorem 2.1], p∗
is an approximate fibration. It follows from [6, Lemma 2.5] that p :p−1(V )→ V is an
approximate fibration.
Case 2. V \ {x} = E(p) for some x ∈ V . By Case 1, p is an approximate fibration over
V \ {x}. Then copy the proof of [7, Lemma 5.1] or [2, Lemma 5.1]. 2
Corollary 3.2. A closed n-manifold N with hyperhopfian pi1(N) is a codimension-2
fibrator if any one of the following conditions holds:
(1) pi1(N) is finite;
(2) pi1(N) is nilpotent;
(3) pi1(N) is residually finite and pii(N) is trivial for 1< i < n− 1.
Proof. All of above manifolds are known to be codimension-2 orientable fibrators [7]. 2
Note. Even though every closed manifold with Abelian pi1(N) is strongly hopfian, there
does not exist a closed manifold with nontrivial Abelian hyperhopfian pi1(N).
Corollary 3.3. Let N3 be a closed 3-manifold with finite pi1(N). If pi1(N) has no cyclic
direct factor, then N is a codimension-2 fibrator.
Proof. By [7, Theorem 4.7], pi1(N) is hyperhopfian. 2
Acknowledgement
It is a pleasure for me to thank my thesis advisor, Robert J. Daverman, for his support
and guidance during this project.
References
[1] N. Chinen, Manifolds with nonzero Euler characteristic and codimension-2 fibrators, Topology
Appl. 86 (1998) 151–167.
248 Y. Kim / Topology and its Applications 96 (1999) 241–248
[2] N. Chinen, Finite groups and approximate fibrations, Preprint.
[3] D.S. Coram and P.F. Duvall, Approximate fibrations, Rocky Mountain J. Math. 7 (1977) 275–
288.
[4] D.S. Coram and P.F. Duvall, Approximate fibrations and a movability condition for maps,
Pacific J. Math. 72 (1977) 41–56.
[5] D.S. Coram and P.F. Duvall, Mappings from S3 to S2 whose point inverses have the shape of a
circle, General Topology Appl. 10 (1979) 239–246.
[6] R.J. Daverman, Submanifold decompositions that induce approximate fibrations, Topology
Appl. 33 (1989) 173–184.
[7] R.J. Daverman, Hyperhopfian groups and approximate fibrations, Compositio Math. 86 (1993)
159–176.
[8] R.J. Daverman, Codimension-2 fibrators with finite fundamental groups, Preprint.
[9] R.J. Daverman, 3-manifolds with geometric structure and approximate fibrations, Indiana Univ.
Math. J. 40 (1991) 1451–1469.
[10] J.C. Hausmann, Geometric hopfian and non-hopfian situations, Lecture Notes in Pure Appl.
Math. (Marcel Decker, Inc., NY, 1987) 157–166.
[11] J. Hempel, 3-manifolds, Ann. of Math. Stud. 86 (Princeton Univ. Press, Princeton, NJ, 1976).
[12] Y. Kim, Strongly hopfian manifolds as codimension-2 fibrators, Topology Appl. 92 (1999) 237–
245.
[13] J.R. Munkres, Elements of Algebraic Topology (Addison-Wesley, NY, 1984).
[14] J. Roitberg, Residually finite, hopfian and co-hopfian spaces, Contemp. Math. 37 (1985) 131–
144.
